
A coherence-based technique
for evaluating the degree of
synchronism in the EEG during
sensory stimulation

Técnica baseada na função de coerên-

cia para avaliar o grau de sincronismo

no EEG durante estimulação sensorial

Abstract
The coherence between the stimulation signal and the EEG
has been used in the detection of evoked responses to rhyth-
mic stimulation.  Such detection is based on the knowledge
of the sampling distribution of coherence estimate under
the null hypothesis of lack of evoked response (zero coher-
ence).  In this work, the technique is extended for quantify-
ing the degree of activation due to sensory stimulation.
With this aim the sampling distribution for the non-zero
response is investigated for evaluating the performance of
the detector as well as obtaining the confidence limits of
coherence estimate.  The latter are obtained using an ap-
proximation to the probability density function of the esti-
mate, since the closed-form inverse for the cumulative den-
sity function, and hence the critical values for non-zero
coherence, cannot easily be found. The theoretical results
are verified in Monte Carlo simulations and the technique
is further applied to the EEG signals from 14 subjects dur-
ing rhythmic photic stimulation. The results indicate inter-
hemispheric symmetry at homologue posterior regions in
the stimulation frequency of 6 Hz and also its harmonics
for most of the subjects. As expected, such symmetry is
more pronounced at occipital regions.  Further, in 28% of
the subjects, the strength of the responses in 12 Hz de-
pends on either such frequency is the stimulation frequency
or the second harmonic of it.  This difference may be due
the fact that the stimulation frequency is lower or higher
the subjects’ alpha rhythm and need to be further investi-
gated. Keywords: Coherence, EEG, Rhythmic, Statistics,
Stimulation, Synchrony Measure

Resumo
A coerência entre o sinal de estimulação e o EEG tem sido utiliza-
da na detecção de respostas evocadas à estimulação rítmica.  Tal
detecção baseia-se no conhecimento da distribuição amostral da
estimativa da coerência sob a hipótese nula de ausência de respos-
ta evocada (coerência igual a zero).  Neste trabalho, a técnica é
estendida para a quantificação do grau de ativação devido à
estimulação sensorial.  Para isto, a distribuição amostral para o
caso de resposta diferente de zero é investigada, objetivando ava-
liar o desempenho do detector assim como os limites de confiança
das estimativas da coerência.  Estes últimos são obtidos através
de uma aproximação à função densidade de probabilidade da
estimativa, pois a inversa da função densidade acumulada de
probabilidade não é de fácil obtenção, o que dificulta a determina-
ção dos valores críticos para coerência diferente de zero.  Os resul-
tados teóricos são verificados em simulações de Monte Carlo e a
técnica proposta é aplicada a sinais EEG de 14 indivíduos duran-
te foto-estimulação rítmica.  Os resultados mostram simetria
inter-hemisférica em regiões posteriores homólogas na freqüência
de estimulação de 6 Hz e seus harmônicos para a maioria dos
indivíduos.  Tal simetria, como esperado, é mais pronunciada nas
regiões occipitais.  Ademais, em 28% dos indivíduos, a intensi-
dade das respostas em 12 Hz depende se esta freqüência é a de
estimulação ou o segundo harmônico da mesma.  Esta diferença
parece depender da freqüência de estimulação ser inferior ou supe-
rior ao ritmo alfa do indivíduo. Palavras Chave: Coerência,
EEG, Estatística, Estimulação Rítmica, Medida de Sincronismo.
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Introduction
The coherence function has been extensively used as
a tool for quantifying the similarity between signals
in the electroencephalogram (EEG).  While the corre-
lation coefficient provides a global measure in such
quantification, coherence is selective in frequency, with
the additional benefit that its magnitude is indepen-
dent of any time delay between the signals.  Evoked
responses to sensory stimulation are used in the clini-
cal practice, as a neurophysiological exam in which a
fixed, periodic stimulus is applied to the human sen-
sory system, eliciting a response in the electrical brain
activity picked up in the EEG from the scalp above the
relevant cerebral area.  Since these responses are small,
averaging techniques over many stimuli are used for
revealing the cerebral response.

Techniques have been developed with the aim of
statistically testing for the presence of such responses.
They allow, for instance, accessing the integrity of
neuronal paths during surgeries involving the spinal
cord or evaluating auditory deficits in new-borns
(Chiappa, 1997).  The coherence between the stimula-
tion signal and the EEG can be taken as an example of
such techniques.  It has been reported as a powerful
tool in the detection of evoked responses (Dobie and
Wilson, 1996).  A reason for this is the fact that the
detector is very robust, since the threshold is inde-
pendent of both the shape of the response and the
signal-to-noise ratio (SNR) (Carter, 1993).  Thus, the
detection of responses is achieved by comparing the
estimated coherence with a threshold, which is ob-
tained based on its well known sampling distribution
under the null hypothesis of zero coherence (absence
of evoked responses).  Additionally, coherence can be
estimated in this case using only the EEG signal, lead-
ing to a simpler expression to be computed, as well as
reducing random errors due to noise in data acquisi-
tion. The technique was proposed by Dobie and Wil-
son (1989) for detecting auditory evoked potentials,
and has been used by these authors in the same field
(Dobie and Wilson, 1996) and by others in somatosen-
sory (Tierra-Criollo et al., 2000) and visual potentials
(Miranda de Sá et al., 2001).

However, in order to evaluate the detector’s per-
formance, the probability of detecting a response if
such is present must be obtained. It will be carried out
based on the sampling distribution for the non-zero
response case (Miranda de Sá, 2000) and using an ap-
proximation which permits the confidence limits for
coherence estimates to be determined. By doing in
this way, the technique is extended for quantifying

the degree of activation due to sensory stimulation.
The results are verified by Monte Carlo simulations
and further tested on EEG signals from 14 subjects
during rhythmic photic stimulation.

Coherence between a random and a periodic

signal - )(ˆ 2 fyκ
The coherence estimate between two random, finite
length record, discrete-time signals, x[k] and y[k] may
be obtained using the well known approach of divid-
ing the signals into M segments as (Bendat and Piersol,
2000):
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where “^” and “*” (superscript) denote, respectively,
estimation and complex conjugate, )( fX i  and

)( fYi are the T-length Fourier transforms of the ith
windowed data segments and M is the number of
segments used in the estimation.  For the particular
case when x[k] is a deterministic, periodic signal (as in
the case of periodic stimulation), )( fX i is identical in
each data-window, say )( fX , leading to the follow-
ing simplification:
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In order to distinguish from the generic )(ˆ 2 fxyγ ,
the coherence between one random and one periodic
signal will be denoted in this work as )(ˆ 2 fyκ .  Thus:
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The true value of )(ˆ 2 fyκ for a given window length
(T) – )(ˆ 2 fyκ – is obtained by letting M→ ∞ in (3) as:
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The estimate )(ˆ 2 fyκ should not, strictly, be consid-
ered an estimate of coherence when both signals con-
tain the same periodic activity, as at the frequency of
oscillation coherence always assumes a value of one
and its use is therefore inappropriate. It can however
readily be shown [see expression (8)] that )(ˆ 2 fyκ is
related to the signal-to-noise ratio of the response in
the frequency bin centred on f (and width defined by
the window-length T) and thus provides a useful tool
in quantifying the strength of stimulus-responses.

Sampling distribution of )(ˆ 2 fyκ
The sampling distribution )(ˆ 2 fyκ is now derived based
on the model of Figure 1.  Assuming x[k] to be a peri-
odic, deterministic signal, it can be shown (see Ap-
pendix 1) that:
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where ( )λ)1(2,2 −′ MF  is the non-central F-distribution
(Kay, 1998) with 2 and 2(M-1) degrees of freedom,
and non-centrality parameter l given as:
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where 2
fσ  is the variance of both real and imaginary

parts of N(f).  The last equality in (6) may be explained
by substituting )()()()( fNfXfHfY += in (4).  Thus,
since )()( fXfH and )( fN are uncorrelated, it fol-
lows that:
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where SNR is the signal-to-noise ratio, which is given
in dB as:

( ) ( ) 










−
==

)(1

)(
log10log10

2

2

f

f
SNRSNR

y

y
dB κ

κ
 

(9)

Expression (5) corresponds to the hypothesis H1

of presence of responses. The null hypothesis (zero
coherence) may be obtained as a special case by set-
ting 0)(2 =fyκ  in (6) and hence λ = 0 in (5).  Such
assumption leads the right hand side of (5) to become
the well know (central) F distribution with 2 and
2(M-1) degrees of freedom, which is the same distri-
bution as that for the coherence between two
Gaussian, uncorrelated signals (Koopmans, 1974).  This
is explained since the statistics of coherence estimates
are invariant with respect to the distribution of one
signal, provided the other is Gaussian (Nuttal, 1981).
Critical values for )(ˆ 2 fyκ , which are the threshold for
the detection of evoked responses, are thus obtained
as a special case of (5) when λ = 0 as:
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where )1(2,2, −MFcritα  is the critical value of the F-distri-
bution for a significance level α. Thus, for 22 ˆ)(ˆ crity f κκ < ,
the absence of an additive periodic component can be
accepted.

x[k] v[k]

n[k]

y[k]
H(f)

Figure 1. Model for the EEG with an additive stimulus

response. x[k]⇔X(f) is the stimulating pulse-train,

v[k] ⇔V(f) the response, n[k]⇔N(f) is the uncorrelated

background EEG, y[k]⇔Y(f) the measured EEG and H(f)

is the transfer function.



42

Revista Brasileira de Engenharia Biomédica / v. 18 / n. 1

Brazilian Journal of Biomedical Enginnering / v. 18 / n. 1

Coherence-based technique for evaluating the synchronism in the EEG

A.M.F.L. Miranda de Sá, A.F.C. Infantosi

Probability of detection
From (5), the probability of detecting (PD) a response
embedded in noise can be determined. This corre-
sponds to the power of the test, or the complement
of the false negative rate, β. PD is obtained by evalu-
ating the integral of the non-central F probability
density function (PDF) in expression (5) for abscise
values greater than )1(2,2, −MFcritα  defined in (10).  This
process is illustrated in Figure 2 and is not a trivial
task, since it generally requires numerical techniques
as pointed out by Kay (1998, p. 30). Fortunately, there
is a simple expression (Johnson et al., 1995, p. 485)
for evaluating the cumulative density function (CDF)
in the special case when the degree of freedom in the
denominator is an even integer, as is the case here:
ν2 = 2(M-1). Thus:
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where )]1(22[2 )1(2,2,)1(2,2, −+=′ −− MFcritFcritY MM αα

and IY(p,q) is the incomplete beta function ratio
(Johnson et al., 1995, p. 211).

Confidence limits for )(ˆ 2 fyκ
Confidence limits are more readily obtained by using
approximations to the non-central F distribution.
Patnaik (1949), proposed an approximation fitting a
central to the non-central F distribution such that the
first two moments are preserved. Applying this to
(5), approximate critical values for )(ˆ 2 fyκ may be esti-
mated as:
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Simulation studies
Considering the model of Figure 1, signals y[k]
can be generated related to a given )(2 fyκ  as
(Miranda de Sá, 2000,  p. 77):
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where fs is sampling frequency, fe  is the frequency of
the unit impulse train x[k], L is the number of points
used in each window for Fourier Transform calcula-
tion and 2

nσ  is the variance of the noise term n[k].
Alternatively, the equivalent to (13) may be car-

ried out in the frequency domain by adjusting the
power of the evoked response v[k] – 

22
)()( fXfH –

in the model of Figure 1 using the relationship in (8).
Thus the values of the ith-window Fourier Transform
of y[k] in the frequency (and harmonics) of x[k] may
be obtained as :
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where NRi and NIi are, respectively, the real and imagi-
nary parts of the ith-window of N(f), which are zero
mean, normally distributed, random variables with

variance 
22

2 nf
L σσ =  (Miranda de Sá, 2000, p. 140-141).

Probability of detection
Values of Y i(f) were generated using (14) with

)(2 fyκ ranging from 0.01 to 0.99 in steps of 0.01. The
complex noise signal N(f) was generated from unit

Figure 2. Illustration of the PD calculation as the shaded

area under the probability density function (PDF) of

the non-central F-distribution defined in (5) (continuous

line). The inferior limit is given as the critical value of

the distribution under the null-hypothesis, whose PDF

is plotted in dashed line.
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variance (
2
fσ  = 1), normally distributed random num-

bers for both the real and the imaginary parts. )(ˆ 2 fyκ
was then estimated using (3), for M = 6, 12, 24 and 48,
and PD-values were obtained by counting the cases
in which )(ˆ 2 fyκ  was larger than the critical values
computed according to (10). The results are shown in
Figure 3a (dashed lines) for 1000 )(ˆ 2 fyκ  estimates to-
gether with those obtained from the theory (solid
lines). Note that the experimental values varies around
the theoretical ones due to random errors, which be-
come much lower as the number of estimates increase,
as can be seen in Figure 2b for 10000 )(ˆ 2 fyκ  estimates.

Confidence Limits
Figure 4 shows the confidence limits for )(ˆ 2 fyκ  as a
function of true )(ˆ 2 fyκ , and for a range of M,
calculated according to (12) with the approximation
of Patnaik (1949). These were also tested by Monte
Carlo simulation (Yi(f) generated using (14), but with

)(ˆ 2 fyκ  ranging from 0 to 1 in steps of 0.1 and using
N = 10000 iterations, which have been proved to lead
to reduced random errors), particularly in view of the

approximations employed. From these values, expe-
rimental inferior and superior limits were found as
the 2.5th and 97.5th percentiles, for M = 6, 12, 24 and 48
and are shown in Figure 3 as dashed lines. Good
agreement with the theoretical values can generally
be observed, especially for M ≥ 12.  However, for small
vallues of M and )(ˆ 2 fyκ < 0.5, )(ˆ 2 fyκ  extends to lower
values than predicted from the theory.

Evaluation of )(ˆ 2 fyκ with simulated data
In order to evaluate the performance of )(ˆ 2 fyκ , dis-
crete-time sequences y[k] were simulated according
to (13) with x[k] being a train of unit impulses of fre-
quency Hzfe 8= , Hzf s 2048= , 4096=L points and
n[k], a zero mean, unit variance, white (Gaussian)
noise.  The value of )(ˆ 2 fyκ was incremented from 0 to
1 in steps of 0.1 and its estimate calculated according
to (3) with M=12 windows.  The mean values of such
estimates in the harmonics of fe and in the other fre-
quencies are displayed in Table 1.  As it can be ob-
served, the first converge to the theoretical values as

)(ˆ 2 fyκ becomes closer to one.  On the other hand, the
latter does not exhibit a trend with the increase of

)(ˆ 2 fyκ .  This result is theoretically expected, since the
sampling distribution of )(ˆ 2 fyκ  in such frequencies is
independent of its true value )(ˆ 2 fyκ , and thus the
probability of false alarm should be equal to the sig-
nificance level α (in this case of 5%). Such result is
also verified in Table 1 since the false positive rates
shown vary randomly around 5 %. The detection rate
(obtained as the percentage of )(ˆ 2 fyκ - values in the
harmonics of fe which lie above its critical value) is also
shown in Table 1, together with the theoretical prob-
ability of detection (PD) obtained according to (11).
Good agreement between these values is observed.
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Figure 3. PD-values (α = 0.05) as a function of SNR for

M = 6, 12, 24 and 48. Experimental (dashed lines) and

theoretical values (solid lines) for N = 1000 iterations

(a) and N =10000 iterations (b). SNR-values for which

PD = 0.95 are indicated by arrows.
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Figure 4. Confidence limits for )(ˆ 2 fyκ using Patnaik’s

approximation (solid lines) and obtained experimen-

tally (dotted lines) for M = 6, 12, 24 and 48.
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As it can be noted in Table 1, for )(ˆ 2 fyκ -values
greater or equal to 0.6 the detection rate is virtually
equal to one. However, the periodic component in
signal y[k] is not visually evident, as it is illustrated in
Figure 5, where a stretch of 1 second is shown for

)(ˆ 2 fyκ  = 0.6 (SNR = 1.76 dB).  On the other hand , the
plots of )(ˆ 2 fyκ as a function of frequency allow the
identification o such periodic components, as it can be
noted in Figure 6, where the peaks in the frequency

Hzfe 8= and its harmonics become evident from
)(ˆ 2 fyκ  = 0.4 (SNR = -1.76 dB).

Table 1. Performance of )(ˆ 2 fyκ  with M = 12 for simulated signals.

0.00 0.25 0.50 0.75 1.00
-4

-2

0

2

4

y[
k]

T ime (sec)

Figure 5. Signal y[k] simulated using expression (13)

for )(ˆ 2 fyκ  = 0.6. The unit impulse train mimetizing the

stimulation at 8 Hz is also shown.

Table 2 displays the theoretical (approximate) con-
fidence limits for )(ˆ 2 fyκ with M = 12 calculated using
(12), as well as the experimental ones that were ob-
tained as the 2.5th and the 97.5th percentiles of the re-
sultant distribution.  As it can be noted, the range of
variation of the estimates is compatible with the theo-
retically predicted one.

Application to EEG during photic stimulation
After the simulation study, we applied this analysis to
the EEG signals from 14 normal young subjects (age
range: 3 – 17 years) recorded over a period of 24 sec-
onds during stroboscopic flash stimulation at 6 and
12 Hz. The signals from electrodes O1, O2, P3, P4, C3
and C4 (reference: ipsilateral earlobe) were recorded
and digitised at 256 Hz.  Next, stretches of signals were
selected after about 1 second from the beginning of
stimulation in order to ensure steady-state in the
evoked responses.  An inter-hemispheric analysis was
carried out with )(ˆ 2 fyκ calculated using M=12 epochs
and rectangular windows of 2 second duration.

Figure 7 shows a typical result (subject # 10 with
intermittent )(ˆ 2 fyκ photic stimulation - IPS at 6 Hz)
for all derivations, where )(ˆ 2 fyκ -values at homologue
derivations exhibit similar values in the harmonics of
the stimulation frequency.  Such inter-hemispheric
similarity was also verified for the other stimulation
frequency, as it can be noted in Figure 8, which shows
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Figure 6. Plots of )(ˆ 2 fyκ  for signals y[k] generated

according to (13) with theoretical values )(ˆ 2 fyκ  from 0

to 1 in steps of 0.2.  Critical values are indicated in hori-

zontal dotted lines.

Table 2. Confidence limits for )(ˆ 2 fyκ  with M = 12.

)(ˆ 2 fyκ for the same subject with IPS at 12 Hz.  It is
interesting to note that the responses in this subject at
the second harmonic when stimulating at 6 Hz are
not always similar to that of the fundamental fre-
quency when stimulating at 12 Hz.  This becomes clear,
for instance in derivations C3 and C4.

As one investigates the inter-hemispheric behav-
iour of )(ˆ 2 fyκ in the occipital regions (stronger re-
sponses to IPS), similar values are observed, as illus-
trated in Figure 9, which shows )(ˆ 2 fyκ (and its 95%
confidence limits) at O1 and O2 for the 14 subjects in
the first harmonic of stimulation frequency in 6 Hz.
Considering the confidence limits, no statistically sig-
nificant differences are observed between the inter-
hemispheric values. It should be pointed out that in
using the overlap of confidence limits obtained at
α = 0.05 to test differences, the resultant (bilateral)
significance level is ( )222 α = 0.00125.  Similar results
(not shown) were observed for the first harmonic
with IPS at 12 Hz.

In Figure 10, )(ˆ 2 fyκ  is shown for electrode O1 in
the first harmonic with stimulation at 12 Hz and in
the second harmonic with stimulation at 6 Hz.  Al-
though the confidence limits of both estimates over-
lap in 10 subjects, )(ˆ 2 fyκ have very different values in
four subjects (# 2, 6, 12 and 13). Thus the strength of
the responses in 12 Hz for these four subjects varies if
such frequency is the fundamental frequency of stimu-
lation or the second harmonic of it.
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Figure 7. )(ˆ 2 fyκ  at derivations O1, O2, P3, P4, C3 and C4 of subject # 10 with IPS at 6 Hz.  Critical values in dotted lines.

Figure 8. )(ˆ 2 fyκ  at derivations O1, O2, P3, P4, C3 and C4 of subject # 10 with IPS at 12 Hz.  Critical values in dotted lines.
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Conclusion
In this study, the sampling distribution for the co-
herence between one random and one periodic sig-
nal has been derived as in Miranda de Sá (2000) for
the general case of nonzero coherence (hypothesis
H1).  This allowed the probability of detecting an
evoked response to be determined based on the co-
herence between EEG and stimuli.  Our results show
that in order to detect the responses in 95% of cases, a
SNR of -7.9 dB is required with M = 48, SNR = -4.8 dB
for M = 24, SNR = -1.2 dB for M = 12 and SNR = 2.5
dB for M = 6. In our case (M = 12) it would lead to a
95% probability of detection if an amplitude signal-
to-noise ratio of 1:7 for visual responses with flash is
assumed.
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Figure 9. )(ˆ 2 fyκ  at O1 (squares) and at O2 (circles) of

the 14 subjects at the first harmonic of stimulation at

6 Hz.  Confidence limits indicated as crosses.

Figure 10. )(ˆ 2 fyκ  at the first harmonic of stimulation

at 12 Hz (circles) and at the second harmonic of

stimulation at 6 Hz (squares) at O1 for the 14 subjects.

Confidence limits indicated as crosses.

The confidence limits for these coherence esti-
mates were also derived, using an approximation to
the non-central F- distribution.  This shows rather wide
limits for low to mid-range coherences, which are rap-
idly reduced with increasing M. Monte Carlo simula-
tion confirmed the validity of the theoretically de-
rived limits.

The results from the application of the technique
to EEG signals indicate an inter-hemispheric symme-
try at homologue regions of many subjects in the
stimulation frequency and also its harmonics. Such
symmetry was more pronounced at occipital regions
and is in agreement with Coull and Pedley (1978) who
also stated that a reduced number of anomalies have
been associated with asymmetric responses to photic
stimulation. Thus an investigation of eventual )(ˆ 2 fyκ -
asymmetries in signals from pathological subjects
would be important in the evaluation of the diagnos-
tic power of the technique.  In addition, 28% of the
subjects showed significant differences in the strength
of the responses at 12 Hz depends on either such fre-
quency was the stimulation frequency or the second
harmonic of it.  This difference may be due the fact
that the stimulation frequency is lower or higher than
the alpha rhythm of the subject, but this needs fur-
ther investigation.

In conclusion, the present results extend the use-
fulness of coherence as a measure of stimulus re-
sponses, by providing a way of quantifying the de-
gree of activation due to the stimulation.  It allows
inferring about the signal-to-noise ratio of the evoked
responses as well as comparing responses at different
cortical regions.

Appendix
The sampling distribution of )(ˆ 2 fyκ  for the
model of Figure 1 is now derived. Substituting

)()()( fNfVfY +=  in expression (3) we have:

∑

∑

=

=

+

+
=

M

i
i

M

i
i

y

fNfVM

fNfV

f

1

2

2

12

)()(

)()(

)(κ̂ (A.1)

where M and Ni  are defined as in (3) and V(f) is the
Fourier Transform of the evoked response v[k], which
will be assumed to be a real number (this does not
reduce the generality of the proof, since data can al-
ways be rotated in such a way as to eliminate the
imaginary part of V(f), while for a stationary n[k] the
phase of N(f) will keep uniformly distributed between
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0 and 2π).  The sum term in the denominator of (A.1)
can be rewritten (f index omitted for simplicity) as:
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where RN  is the real part of mean value ∑
=

=
M

i
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M
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1

1
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Rewriting (A.1) using such result and expanding its
numerator we have:
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which can be inverted to lead to the following rela-
tionship:
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Further manipulations in (A.4) lead to:
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Expressing 2N  as a function of its both real and imagi-
nary parts, expression (A.5) can be rewritten as:
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where

NVx R+=1 ; 
Nx I=2 ; M
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The sampling distributions of the mean values RN

and 
IN  are easily obtained using the properties of

Gaussian random variables, since NR and NI  are zero
mean, normally distributed, random variables with

variance 22

2 nf
L σσ =  (Miranda de Sá, 2000, p. 140-141).

Thus it follows that:
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The distribution of the numerator of (A.6) – ( )2
2

2
1 xx +  –

can be obtained based on the following relationship:

( )λχ
σσ

2
2

2

2

2

2

2

1 ~

22

′



















+



















nn
M

L

x

M

L

x
(A.9)

where ( )λχ 2
2′ is the non-central chi-square distribution

(Kay, 1998, p. 26) with two degrees of freedom and
non-centrality parameter λ, which is given as the sum
of the squared means of the unit variance Gaussian
variables.  In this case, since the mean of x1 is equal to
V and the mean of x2 is equal to zero, λ is given as:
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Thus the distribution of the numerator of (A.6) is given
as

( )λχσ 2
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In order to derive the distribution of x3 in (A.7),
the following relationship may be used:
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Since ( ) ( )
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(Brownlee, 1965, cap. 8).  Thus, dividing (A.12) by M
we have:
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Using the results of (A.11) and (A.13), since x1, x2 and
x3 are independent, it follows that:
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where ( )λ)1(2,2 −′ MF  is the non-central F distribution
(Kay, 1998, p. 29) with 2 and 2(M-1) degrees of

freedom and non-centrality parameter 
2
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Thus, we finally have:
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